One contribution of 12 to a theme issue 'Dissipative structures in matter out of equilibrium: from chemistry, photonics and biology (part 2)' .
shape, leading to the self-replication regime [40, 41] . This is a well-documented issue in various fields of nonlinear science such as biology, hydrodynamics and nonlinear optics [17] [18] [19] .
We report here on the formation of spirals and arcs like vegetation patterns in isotropic and uniform environmental conditions. Nonlinear science abounds with examples of spiral waves. The discovery of the Belousov-Zhabotinski reaction allows the generation of rotating spiral waves around their cores [42] [43] [44] . The curvature dependence of the wave propagation velocity of spiral waves allows for transitions from a stable flat wave to a folded one and then to spiral turbulence [45] . It is now generally admitted that excitability [42] [43] [44] is the main mechanism to explain the formation of rotating spiral waves. The vegetation spirals presented in this contribution are not waves and they do not rotate. In the context of ecology and plant ecology, spiral patterns are not yet documented for any type of vegetation. They have never been reported in nature nor predicted by mathematical modelling. We use the generic interactionredistribution model based on the relationship between the structure of individual plants and the nonlocal interactions existing within the plant community. This single variable model for the plant biomass density allows us to test a set of predictions for resources-limited ecosystems. We show that for moderate aridity conditions, a single or more localized patch can exhibit a curvature instability. During time evolution, the biomass in the central portion of the localized patch decays followed by the transition to the formation of a doughnut-like shape. This structure breaks down into arcs of vegetation and transforms into spiral-like patterns. Spiral-like and arc patterns are observed in many arid and semi-arid regions of South America (Bolivia) and northwestern Africa (Morocco) as shown in figure 1 and figure 2. We present field measurements of a particular plant morphology (the alfa grass, or Stipa tenacissima L.). Field measurements allow us to provide the realistic estimation of biomass density of the above-and the below-ground parts, and of all the model parameters including the full lateral roots extension and the facilitative range of interactions.
The paper is organized as follows. After an introduction, we present in §2 field observations and the characterization of the vegetation patterns in terms of their facilitative and competitive interactions. A precise measurement of the biomass is also provided. The results are presented in §3. The generic interaction-redistribution and the numerical simulation leading to the formation of spirals and arcs are discussed in §4. We conclude in §5.
Field measurements and parameter assessment
We consider the alfa vegetation (or Stipa tenacissima L.) in the high steppe plateau in eastern Morocco. This plant appears as grass tussocks and is reported as dominant over extensive areas in northern Africa (Algeria, Libya, Tunisia, Morocco) and southwest Europe (Spain, Italy). Notably, the species impressively dominates some parts of the uplands in Algeria and Morocco. The corresponding area over all of northern Africa is large and was estimated in the 50 s as about 8 millions hectares although remaining surfaces seem now restricted to just more than 3 million hectares [46] . Alfa is used to produce objects such as baskets, carpets and ropes (traditional craft applications) and can also be manufactured into high-quality paper (cigarettes, bank notes) or into thermal and phonic insulation boards. Above all, alfa-dominated steppes are quintessential grazing lands for livestock (mainly sheep but also goats and camels) all over northern Africa. Such pasture lands meet most of the food needs of tens of millions of herds of small ruminants [46] . Degradation induced by over-stocking and perhaps droughts is reported to be alarming in many regions [46] [47] [48] . In comparison, most European alfa grasslands no longer experience important grazing [49, 50] . Alfa is a tall perennial grass forming tussocks that reach heights of 0.5 m to more than 1 m in the centre of the tuft [46, 51] . Alfa grasslands experiencing low to moderate grazing levels are reported to display above-ground phytomass (AGP) in the range 5000-10 000 kg of dry matter per ha (DM/ha), among which the Stipa tenacissima species often accounts for more than 90% [46] . This corresponds to densities in the range of 7000-9000 tufts per ha (exceptionally 10 000, [47, 52] ). In Spain, total carbon storage in a well-preserved alfa sward and underlying soil was found to exceed 40 000 Kg C ha −1 [50] . tissue generally do not represent more than 20% of total AGP and there is a dominant share of dead leaves remaining attached to the tuft basis (i.e. necromass or 'fatras' in French). Appropriate grazing regimes may reduce the necromass portion but generally not under 60%. Saturation by necromass is sometimes presented as the cause of dieback in the tuft centre that progressively makes tussocks become ring-shaped and eventually fragment [52] . This phenomenon, named circination in French, is a well-known feature of the species [46, 52] . The causes and consequences of central dieback and tuft fragmentation are still controversial in the literature and we will address this important issue in the present paper by modelling tuft dynamics.
(a) Study area
We carry out measurements in the steppe highlands of the province of Boulmane of north-central Morocco. All measurements have been performed in the commune of Enjil located in the steppe plains. It is considered as a crossroads between the east and northeast on the one hand, and the southwest of Morocco on the other hand. The field site is located at an altitude of 2029 m. The average annual temperature is 20.5 • C, with an average of daily minima of 30.0 • C and an average of daily maxima of 38 • C. The region of Fès-Boulmane experiences two types of climate: in the north, the climate is Mediterranean, influenced by the mountains, especially their southern slopes, and rainfall reaches 40 cm per year. In the south, the climate is continental and subject to Saharan influences and rainfall is 10 cm per year, which is in the lower part of the rainfall range reported for the occurrence of alfa grasslands [46] [47] [48] . In the plots, we have randomly selected 33 alfa tussocks. This campaign of field measurements was carried out during May 2017. It consisted in measuring tuft maximal height and above-ground radius, as well as cautiously excavating root systems to measure their lateral extensions. Then we transported the sampled alfa plants to the laboratory located at the Moulay Ismael university (Meknés, Morocco). In the laboratory, we oven-dried plant material at 70 • C before weighting to obtain dry matter weights. Each sampled plant was divided into three parts: roots, above-ground living leaves and dead leaves remaining attached to the plant (i.e. necromass or fatras), as is shown in figure 4.
Results
The average dry weight of the sampled tufts was 378.1 and 494.3 gr of dry matter (DM) for above-ground live and dead phytomass, respectively (see distributions in figure 3a,b). Average below-ground phytomass was 250.1 gr DM per tuft. The ratio of live to dead above-ground phytomass was 0.77 among a total above-ground phytomass of 873.1 gr DM per tuft. By counting, we assessed the alfa plant density as 0. 44 
Interaction-redistribution model
We consider the generic interaction-redistribution model based on the relationship between the structure of individual plants and the nonlocal interactions existing within the plant community. In this approach, the vegetation pattern formation process originates from interactions intrinsic to the vegetation dynamics (facilitation and competition), rather than from extrinsic, environmental causes. This approach has been validated by field measurements for two type of plants: Festuca orthophylla L. [53] and Combretum micranthum G. Don [54] [55] [56] . Festuca orthophylla is a tall dryland tussock of the Andean Altiplano that shares many characteristics with alfa. Let b(x, t) ∈ [0, 1] be the biomass density that evolves at time t for an element of surface centred on a point x in two-dimensional Euclidean plane. This is the state variable of the system that describes the biomass of vegetation (here mainly the alfa, focal species) for a given species. Environmental conditions are uniform and isotropic. The time scale associated with the evolution of individual plants is much faster compared to the time scale over which evolves the whole community. The landscape described above is dominated by the alfa plant. The vegetation is described in terms of the total biomass. The biomass is composed of two parts: the above-and the below-ground biomass which are merged into a single variable b(x, t) (total biomass density for simplicity). The generic interaction-redistribution model reads [57] 
The first term, F 1 , only describes the biomass increase through plant growth that benefits from the accumulation of resources and decrease of evaporation near other plants. production and dispersion. The competition for resources (water and/or nutrient) which hinders the development of the biomass via the logistics factor F 2 . The explicit forms of F 1 , F 2 and F D , are
For a more detailed description of the model see Lefever & Turner [57] . The mortality-to-growth rate ratio μ increases with the aridity: a drier environment usually implies a lower growth rate and, possibly, higher mortality of the biomass. The parameter d measures the strength of seed dispersion. The lengths L a , L 1 , L 2 , L D of the non-local interactions represent the effective radius of the surface that occupies a mature plant, the facilitative range, the competitive range, and the seed dispersion range, respectively. The range of all non-local interactions between plants depends on the stage of development of the vegetation. It is obvious that mature plants affect a greater territory than young seedlings. The ranges of the competitive and facilitative interactions depend on the total plant biomass. In what follows we assume that all plants are mature and we, therefore, neglect the allometric factor that links interaction ranges to biomass (as in Lefever et al. [56] ) so as to indirectly express age classes. It means that, for simplicity, we consider that all interaction lengths are constants. 
We are interested in the situation where the homogeneous vegetated cover exhibits a symmetry breaking instability leading to the formation of periodic structures. The eigenvalue λ vanishes for a finite wavenumber k = k c . Above the threshold associated with this instability, there exists a finite band of Fourier modes k 2 − < k 2 < k 2 + . In order to illustrate this result, we fix the parameters
8125, L D = 2.5, and d = 0.5, and let the aridity parameter μ be the control parameter. Figure 5 displays our results. In the left panel is shown the spatially uniform state as a function of the control parameter μ: continuous blue curves represent stable states; dashed blue curves represent states that are unstable even for spatially homogeneous perturbations (k = 0); while dashed red curves represent states that are unstable only for finite wavelength perturbations. In the right panel is displayed the spectrum equation (4.4) for the upper branch: Below the critical point; at the critical point μ c1 ∼ = 2.57722 when the first mode k c ≈ 0.477 becomes unstable; above the critical point but below the saddle point; and just at the saddle point μ c2 ≈ 2.78837, where even k = 0 is unstable because the upper branch collides with the lower one. In order to figure out which are the unstable modes depending on the biomass, we have solved the equation λ(k) = 0, which gives us the functions
where
and These circular patches become unstable and display transitions towards the formation of a doughnut-like shape. The central part of these structures is made of almost bare soil. In the course of time, arc-like structures are formed as shown in figure 6 . Arc-like vegetation structures have been reported in anisotropic environmental conditions owing to atmospheric factors such as wind and light or geomorphological factors such as ground surface or topography and slopes as in [24] . In this work, it has been shown that the width of vegetated bands increases when environmental conditions become more arid and that patterns formed of stripes oriented parallel to the direction of a slope are static. However, patterns which are perpendicular to this direction exhibit an upslope motion [24] . Earlier approaches based on cellular automata have been proposed for the analysis of vegetation patterns where the landscapes are modelled as the tessellation of rectangular cells [58] [59] [60] [61] . Arcs of vegetation have been analysed essentially under anisotropic environmental conditions in Somalia [62] , in Sudan [63] , and in Burkina Faso [64] . In Spain, [49] reported alfa form 'rings' on a plateau and 'kidney' or 'elongated shapes' on slopes. During time evolution, arcs transform into spiral-like patterns as shown in figure 6 . The biomass increases in the course of time and contributes to the repopulation of the whole territory accessible to vegetation. The spirals and arcs reported here are not rotating structures and are transient. The longtime dynamics leads to the hexagonal structures formed by several patches, as shown in figure 6 . If we choose an initial condition consisting of more numerous localized patches, the dynamics lead to the formation of arcs and spirals as shown in figure 7 . It is worth [28] . This is because the Klausmeier approach is based on reaction, diffusion and advection where for some range of parameters, the model becomes excitable. In this study, equation (4.1) is not the excitable model and there is no limit cycle associated with the Andronov-Hopf bifurcation. In addition, the environmental conditions are uniform and isotropic, which is not the case for the Klausmeier model.
Conclusion
In this contribution, we have presented for the first time evidence of arcs and spiral-like vegetation patterns in strictly uniform and isotropic environmental conditions. We have used the approach based on the competitive and facilitative interactions between plants. We have first estimated the total biomass density which constitutes the only variable of the model equation (4.1). We have measured the total biomass defined as an average of the above-and below-ground biomass. We have provided measurements of the range of the facilitative interactions (radius of the aerial part of the plant) and of the competitive interaction through the roots of alfa plants (length of the plant roots). The recent campaign of field measurements has been carried out in the commune of Enjil located in the steppe plains of north-central Morocco.
Numerical simulations of the model equation (4.1) have shown evidence of arcs and spirallike patterns that emerge as a transient behaviour and are caused by the well-known selfreplication phenomenon. In the first stage, the curvature instability affects the circular shape of localized patches and leads spontaneously to the formation of arcs. In the second stage, the arcs transformed into non-rotating spirals that occupy the whole space available in a given arid landscape. These qualitative results cast new light on the interpretation of the dynamics of tussockforming species as alfa. The dieback in the centre of the tufts may not be a detrimental consequence of necromass accumulation as sometimes hypothesized [52] but rather a direct consequence of the dynamics of grass biomass exerting facilitative and competitive non-local interactions of distinct ranges. In our study site, the proportion of necromass is lower than mentioned in the literature, possibly because of a strong grazing pressure. This fact may explain why bare soil was frequently observed at the center of the ring-shaped or doughnut-like structures ( figure 1) in agreement with simulations (figures 6 and 7) . Structures of this type are barely mentioned in literature dealing with alfa (but see [49] ). In the absence of model predictions, several authors may not have been deemed relevant to report and interpret similar structures. The existence of structures of different morphologies clearly supports the interpretation that tussock shapes, even circular and compact ones, may not be genetically predetermined but rather shaped by a dynamical process in interaction with the environment. This was hypothesized and modelled by [53] regarding Festuca orthophylla and may also apply to alfa. Since the model we use is parameterized from plant characteristic sizes (notably L a ), the question is: on which type of plant modules (or 'ramets') should such parameters be measured?
Parametrization obviously deserves further investigation. Moreover, two parameters were not yet measured for the alfa plants considered in this contribution: the range L D and the strength d of non-local seed dispersion. More data on this ecosystem and a new campaign of field measurements and observation over long time-lapse are, however, necessary to confirm the mechanism based on the self-organization hypothesis and self-replication towards the formation of spirals and arcs. However, this simple conceptual model allows us to test a set of predictions for water-limited ecosystems. The phenomenon of arcs and spiral formations should be visible not only in Morocco but also in other arid landscapes. It is beyond the scope of this contribution to present a quantitative study. Field measurements shown in this contribution constitute the first step towards a complete parameter assessment.
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